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Abstract- We use an enlarged (5x5) Transfer Ma-
trix Formalism to describe thelinear and nonlinear
properties of Mach-Zehnder Interferometers with
built-in Semiconductor Optical Amplifiers. The
active medium is subject to carrier saturation
through both signal and Amplified Spontaneous
Emission.

Index Terms- Amplified Spontaneous Emission
(ASE), carrier saturation, Extended Transfer Ma-
trix Formalism, Mach-Zehnder Interferometer
(MZ1), nonlinear optical function, Semi-conductor

rier densityN [m™] inside the SOA determines
not only the effective index (hence the phase) and
the modal gain, but also the total rate of sponta-
neous emission, it is interesting to dispose of a
unified description of all these effects at the scale
of the whole MZI.

A few years ago, one of us has worked upon an
extended Transfer Matrix Formalism (TMF) in-
cluding sources (initially suggested by Weber &
Wang for dealing with sources in periodic struc-

Optical Amplifier (SOA). tures [6]), and applied it to the general study of
spectral properties of ASE in SOA or in semi-
conductor lasers [7,8]. In what follows, we pro-
pose a simple and systematic description of a
generalized active MZI with a SOA in each of its
arms. Our enlarged ) matrix formalism en-
ables us to derive analytical expressions for the
overall responses of such a device, with special
emphasis on the properties of its own spontane-
ous emitted fields.

I. INTRODUCTION

Active Mach-Zehnder Interferometers (MZI)
with at least one Semiconductor Optical Ampli-
fier (SOA) inserted in one of its arms have been
largely proposed and investigated, notably in the
context of the realization of all-optical functions.
The insertion of active elements in such a device
leads to several interesting consequences: in the
linear regime, the signal can be simultaneously
processed and amplified; besides, for a high
enough level of input intensity, the carrier satura-
tion inside the SOA can be taken advantage of, in
order to realize nonlinear functions [1-5].

Our paper is organized as follows: in Section 2,
we recall the main results relative to the extended
(3x3) TMF as applied to an active SOA; Section
3 is devoted to the extendedk® transfer matrix

of the MZI. Transfer functions are detailed in
Section 4 on the specific example of a symmetri-
cal MZI between two 50/50 couplers. The main
trends and conclusions are summarized in Sec-
tion 5.

On the other hand, as soon as carriers are injected
into the active region of the SOA (be it by elec-
trical or optical pumping), Amplified Spontane-
ous Emission (ASE) is known to take place, lead-
ing to an additional noise which superposes itself
to the input signal. Besides, ASE is also respon-
sible for carrier saturation. Since the average car-
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II. EXTENDED (3x3) TRANSFER MATRIX
FORMALISM

The time dependence is taken as ekpft). We
limit ourselves to a scalar description of the elec-
tric field (for the sake of clarity, we neglect in
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A22 = 1//6\11, (2C)
Aiz=-1 (U+) Ay, (2d)
Aoz =7 [(U") Apr— )] = 7 (U), (2e)

where LB = neg wlc denotes the real part of the
wavevector N the effective indexgmo.q the mo-

this paper any polari_zation effects). The state_of dal gain [MY], d = z — 7 the length of the active
the field at any abscissa z along the propagation medjum, and quality factay accounts for possi-

axis is completely determined by its propagative
F* and contra-propagati parts [Fig.1].
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Fig. 1. Schematic representation of the relationship
between input and output fields at both ends of an
active structure.

The fields E, F) at input abscissa are related
to the fields at output abscisgsby a (¥*3) trans-
fer matrix:

EFJH HV|11 My MB@:STB

EFO_S=EM 21 M2 MosFs % (1a)
H1igHo o 1H1E

where theM;j for (i, j) O {1, 2} are that of the
usual (%2) TMF [9], whereas th&/;; terms are
related to the sources [6-8]. As a result, even
when no input field is presenF{ =Fs = 0),
background fields are nevertheless emitted:

Bs =Fs = —(M1s/My), (1b)
By =F; = (M23M11 - M13M21)/Mll- (1C)

ble insertion losses occurring from a modal mis-
match between injected signal and SOA structure
(for a typical 3 dB lossy? = 0.5).

Source termsu) and () are the equivalent
fields coupled to the optical mode at both ends
[10]. They are defined through their average
quadratic properties over the integration time of
the detector, since their phase is a random value
that cannot be determined experimentally.

Fl+ 7 F2+
) CEENCON S
Fo ) F,

d
B z

Fig. 2. (d) and () represent the equivalent fields of
spontaneous emission coupled into the optical mode at
both ends of the active section.

As soon asd is much greater than the wave-
length, we get:

O)F 0= 0w)F 0 (3a)
OU(u)* C= 0, (3b)

where the brackets denotes the time average over
the integration time of the detector under consid-
eration. They can be related to the “intrinsic”

Let us consider a homogeneous single-pass SOA spectral intensityly(«) generated in the active

provided with ideal anti-reflection coating
[Fig. 2]. The coefficients of its transfer matrix
[A] between abscissas andz, are given by:

Avi = exp(H Berd) exp(-Bmodi2)/i,  (2a)
A=A =0, (2b)

Zone:

lu(e) = (&/2) ¢ e U O
= A orep(e) ZXPGmosd) 1 (3¢)

mod
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whererg(c) is the spectral rate of spontaneous
emission andf, the fraction of spontaneous
emission coupled into the optical mode [11].

All the optical properties of the active zomggq(
Omos fsp) are assumed to be completely deter-
mined by the mean carrier dendiyjm™], which
results from a balance between pumping and re-

combination processes, as expressed by the rate

equation:

(dN/dt) = +Ap —=R(N) —Rsic — Rase, (4a)
where Ap [m>s?] denotes the pumping rate,
RN)=AN+BN?+CN?® the non-stimulated
recombination,A [s7] the non-radiative coeffi-
cient, B [m*s”] the spontaneous coefficiert;
[m®.s7] the Auger coefficientRgig(N, P) the re-
combination stimulated by the signal, propor-
tional to its photonic densitl, Rase (O Nz) the
recombination stimulated by ASE. In steady-state
regime, the equilibrium value dfl is therefore
completely fixed by two independent parameters:
N =N(/p, P). (4b)
If we also assume that, in the range of interest at
the signal wavelengthRs;c can be written under
the following linearized form:
Rsic = Bsic (N —No) P, (4c)
thenN is readily and explicitly obtained as the

only physical solution of a mere polynomial
equation of the third order.

[ll. ACTIVE MACH-ZEHNDER
INTEFEROMETER WITH SOA

The generic structure is depicted in Fig. 3. With-
out loss of generality, the input coupler is assimi

lated to a symmetrical directional linear coupler
between two identical waveguides of wavevector
B. It is completely determined by its dimen-

sionless coupling constagt. The input signal is
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usually injected at port 1 from the left to the
right, but the matrix relationship holds whatever
the boundary conditions.

.
Fao

1

INPUT
COUPLER

OUTPUT
COUPLER

N
Feo

—
FBO

2 Z1 22

Fig. 3. Schematic depiction of the active MZI with
built-in SOAs of transfer matrices [A] and [B], ele
trically pumped by current intensity andig. Each
passive coupler is represented by its transferixnatr
[K] or [K'].

The output coupler is identical to the first except
for its coupling constany'L. Let us denoteF",
Fa") the fields inside the upper waveguide, con-
necting ports 1 to 2, andF{’, Fg") the fields in-
side the lower waveguide, connecting ports 3 to
4. The (%5) transfer matrix [K] of an ideal pas-
sive linear coupler of coupling constagt is
such as:

FoH T 0 « 0 OJFiH
Fao O > 0 k* OAF&mO
FaoFk 0 T 0 O03FEo (52)
%Féog k* 0 1* 0 glg
Olg® 0 0 0 171 g

with 7= é” cosL) andk = é* i sin(yL).

The (5¢<5) transfer matrix [K'] of the output cou-
pler is obtained in a similar fashion. Thex%)
transfer matrix [G] of the central gain zone reads:

A1 A2 0 0 A0

5%1 Ap, 0 0 A23B
[G]=00 0 By B 3!.3% (5b)

g0 0 Ba B Baf

Ho o o o 1H{

Now the total (35) matrix [M] of the active
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MZI, with [A] in the upper arm and [B] in the Fas' = [coS(YL) Fa" —i sin(yL) Fg,'] €' #,
lower arm between couplers [K] and [K], is: Fes™ = [ sin(yL) Fao*+cos(L) Fg,'] e A
(7ef)
[M] = [K] [G] [K]. (5¢)

_ ' _ ' We would like to emphasize that spontaneous
Without loss of generality, for the ideal single- emission terms @) and (ig*) that appear in the

pass SOAs, we can write: developed expression of both output fielBigs{,

Fgs') are non coherent with the signal, and non

A1 = LAz, = exp(t @a) exp(+a), (6a) coherent mutually. They add in intensity.

A=Ay =0, (6b)

Az =17 (Ua") Aas, (6¢c)

Az =+ (Ua), (6d) IV. EXAMPLE OF A SYMMETRICAL

B = 1By, = exp(+# ®g) exp(+g), (6€e) ACTIVE MZI WITH SOA

B12=B,1 =0, (6f)

B13= =7 (Ug") By, (6Q) For the sake of clarity, let us consider a system

Bos = +7 (Us), (6h) with two identical 50/50 couplers: [K] = [K],

xL =14, cod(xL) = sirf(xL) = 1/2. A straight-

WhereCDA (resp.cDB) represents the overall phase forward calculation leads to the fO”OWing ex-

on the upper (resp. lower) arify, (resp.ls) the pression for the overall &) transfer matrix:
overall dimensionless amplification coefficient.
Note that we are interested mostly in fiells My 0 Mgz 0 MysO
propagating from the left to the right.Rf," = 0, B 0 My 00 My |\/|25E
the input fields in both SOAs at abscisssare [M]=M3; 0 M3z 0 MglP (8a)
given as a function d¥,," by: S 0 Mgy O My M45%
. . _ Ho o o0 o 1H
Fra =Fao cOSKL) exp(i AL), (72) Mi= My =i exp( W) sin@¥),  (8b)
Fgi =- Fao sin(yL) exp(+ AL). (7b) Mis = Ma1 = i expf Wo) cosOW), (8¢)

Maz = -Mas = i exp(+ W) sin@¥),  (8d)

The fraction of power coupled across the coupler Mas = Map = 4 exp(4 Wo) cosQW), (8¢)

is cog(xL) on one path, sfixl) on the other.
The input signal in each SOA being known, it
becomes possible to determine the (average)
photonic densitiesH,, Pg) that, along with ASE,

where “phases” are complex numbers:

contribute to carrier saturation. Once the carrier :JJO :_wq‘j * Zﬁ"/z (92)
densities la, Ng) are determined according to m= (Wa + B)/2, (9b)
egn.(4b), a straightforward calculation leads to: Wa = @a +_' Ca, (9¢)
qJB = (DB +1 rB, (gd)

Fae™ = Far’ @xp(d ®a + o) +7 (W), (7€) ® = (Pa + )2, (%)

Feo' =Fei' exp(4 @g + ) +77 (Us"),  (7d) F=Ca+Tle)2, (9f)

AY = (LIJA - LIJB)/Z, (gg)

These two fields represent the input fields at ab- AD = (Pp — Ds)/2, (9h)
scissa zon the second (output) coupler [K']. The A = (Ta—Tg)/2, 91)

index (A or B) obviously relates to one or the

other SOA. As a result, fields emitted at both and the source terms read:

ports (2) and (4) at abscissaare expressed as

linear combinations df,," andFg,": Mis = (V2/2) €' A [Ajz +i By, (10a)
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Mas = (V2/2) € 7 [Ags —i By, (10b)
Mss = (V2/2) €' [+i Aj3+ By, (10c)
M45 = (\/2/2) e A [—l A23 + ng]. (10d)

Under a more explicit form:

Mis =~(17/2) é[(1;) €% +i(ug) %],
Ms ==(/2) e'A-[ua) +i(ua)],

Mas ==/ 2) [ (4 €% +(ug) e™e],
Mas ==(n/{2) €A [i(ua) - (ug)].

VOL. 2, NO. 1, JANUARY 2007
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If Fgo" = 0, the emitted spectral intensity on ports  Fig. 4. Direct and cross transfer functions:

(2) and (4) [W-n*-HZ1, respectively propor-
tional to(JF s CandOFss'f ) are:

las" = Taa lao" + ’72 lu, (11a)
lgs" = Tea lao” + 17 1y, (11b)
Tan = € [ cosh(2AN) — cos(Ad) ]/2, (11c)
Tea = € [COSh(AI) + cos(2d) /2. (11d)

(a) Taa €xp(=2I) = [ cosh(A') — cos(2d) ]/2,
(b) Tga exp(=2I') = [ cosh(Ar) + cos(Ad) /2.

With built-in SOAs, signal is not only transmitted
and amplified with transfer functioriga or Tga:
output intensity also carries an extra contribution
(7% 1) coming from ASE. We would like to em-
phasize that the amount of spontaneous “offset”

If ideal phase sections (devoid of gain and Strongly depends on the spectral characteristics of
Sources) replace active SOAS, we recover on both the fO”OWing detector: W|th a halrrow flltel’ Suita'
paths the complementary responses of an ideal bly centered on the signal wavelength, the back-

MZI (Tan + Tas = 1) [Fig. 4].

ground noise can be made negligible.

Between two identical (50/50) couplers, if the
two arms are perfectly balancefid{ = Al = 0),
thenTaa = 0 andTga = exp(2). For the sake of
illustration, let us consider an asymmetrical car-
rier density around an average vallé,:

Na =Np + AN, Ng =Ny, —AN. For a 50Qum long
SOA at 1.5um, typical variations are
(0P/ON) = —102 T m?, @r/oN) = +10% m°.
Simulations drawn on Fig. 5 show the effect, on
both transfer functions, of the differential carrier
density.
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sources, with the added advantages that it enables
one to:
-10 > i / describe the background output field even
20 / Tea€ when no input field is injected;
-30 — ii / evaluate the spectral density of ASE in each
40 AN [x10* m”] active zone;
0 0.5 1 1.5 2

iii / calculate the total amount of carrier recombi-

Fig. 5. Tas exp(~2) and T, exp(-2r) [dB], with nation stimulated by ASE;
(0r/0N) = +10%* m?®, (0®/ON) = 1022 .
iv / determine the precise steady-state value of
In this particular example, the system is almost carrier density in each SOA.
insensitive to nonlinear effects, since the opti-
cally induced variations of carrier density in both It should be noted that a mere<4 TMF would
SOAs (submitted to the same optical power) Systematically underestimate the total recombina-
compensate each other. With such a choice of tion rate, thus overestimating the equilibrium
material parameters, the state of interference value of carrier density.
would be hardly affected. Note that a phase shift
section (driven by an independent control cur- It should also be noted that, as an alternative, the
rent) can be added on one path outside the SOA active properties of the system seen as a 4-port
[12]: our formalism remains perfectly suited. network can also be expressed through an ex-
tended (35) scattering matrix, provided with an
Besides, if we were to realize all-optical nonlin- added fifth column that contains the “back-
ear functions, it would be enough to choose an ground” source terms:S;s=Ba, Ss5=Bas',
unbalanced input coupler, since an unequal repar- Ss = Bgo, Sis=Bgs”. As a matter of fact, al-
tition of power would be required. Our formalism though we have limited ourselves to an ideal uni-
would remain exactly the same, except for directional configuration, ASE is actually emitted
XL # (174). both ways: we would like to emphasize that our
extended TMF would naturally take into account
bidirectional transmission schemes with various

V. CONCLUSION boundary conditions, such as pump-probe con-
figurations. Besides, it remains general enough to
Extended (55) Transfer Matrix Formalism ap-  include non-ideal SOA with poor anti-reflection

pears well adapted to the description of active coating: the transfer matrices [A] and [B] would

MZI with built-in SOAs. We obtain easily the  simply exhibit non-diagonal elements. It can also
nonlinear responses of the system in a self- be applied to other kinds of generalized MZI con-
consistent way, taking into account the carrier figurations, including built-in active or passive

saturation (in the active medium) by both signal resonators, nonlinear Fabry-Perot cavities, peri-
and ASE. Direct and cross transfer functions are odic structures and so on.

expressed in the spectral domain, spontaneous

emission included. The time response is essen-

tially limited by carrier dynamics. ACKNOWLEDGMENT
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