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Abstract-Full-wave analysis of metamaterial 

based microwave circuit is performed using two 

different FDTD formulations for dispersive 

medium.  Both Mobius-transform technique and 

hybrid Mobius-ADE algorithm are employed to 

model media characterized by negative 

permittivity (Drude Model) and negative 

permeability (Lorenz Model) over a certain 

frequency range. The formulations are used to 

determine the effect of a homogeneous isotropic 

metamaterial slab sandwiched between two 

coupled microstrip lines on forward and backward 

coupling. Similar observations are obtained for 

both full-wave analysis techniques, which indicate 

reduction in forward coupling over the range 

where the slab behaves as a Double Negative 

(DNG) media. A parallel version of the developed 

algorithm is also tested with reduction in 

computational effort.

Index Terms- Dispersive FDTD, metamaterial, 

effective medium approach, Mobius Transform, 

ADE, and coupled microstrip lines. 

I. INTRODUCTION 

Metamaterials and its application to microwave 

circuits is a rigorously researched area for little 

over a decade with the ignition coming from 

initial work by Smith et al. [1]. It was shown by 

Pendry et al.  [2] that, artificially negative 

effective permeability can be realized using 

conglomeration of periodically spaced sub-

wavelength structures like split ring resonators 

(SRR). Likewise an array of wires can effectively 

produce negative permittivity. A unit cell as well 

as an array of SRR and wire in planar domain is 

illustrated in Fig. 1. With the development of 

metamaterials the design of coupled lines in 

conjunction with metamaterials saw renewed 

interest among microwave engineers. Enhanced 

coupling was reported by Itoh et al. [3] for 

couplers. Some design aspects of metamaterial 

inclusion focused on improved coupling for 

mode splitting hence resulting in dual band 

coupler design [4]. Though most of the initial 

application was easily analyzed using equivalent 

circuit models but full-wave analysis of complex 

array of these sub-wavelength structures in 

conjunction with microwave circuit and antenna 

posed a computation challenge. The obvious 

reason behind this is that the mesh size of the 

minute metamaterial particles resulted in huge 

meshing in the entire problem domain that often 

includes few wavelengths size circuits. However 

in the FDTD method, wave propagation in 

dispersive materials have been solved using 

recursive convolution  [5], auxiliary differential 

equations (ADE) [5], z-transform [5] and Mobius 

transform [6] methods as applied to the Drude 

and Lorentz model. Incorporating piecewise 

linear recursive convolution (PLRC) for Lorenz 

media and simple treatment using auxiliary 

variables of Drude media, effective medium 

simulation of wave propagation in metamaterials 

was reported in [7]. It is discussed in [7] that 

PLRC could not be applied to Drude model 
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Fig. 2. A parallel coupled microstrip line separated 

by a DNG metamaterial slab. 

Fig. 1.  Illustration of unit cell of SRR and wire and 

a block of DNG media formed by an array of these 

sub-wavelength structures. (a) 2d view (b) 3D 

isometric view 

because of the difficulty to obtain inverse Fourier 

transform due to presence of poles in the 

susceptibility of the effective permittivity 

function on the imaginary axis. This problem was 

removed in [8] and PLRC was applied to model 

both the effective media. A unified FDTD 

approach was proposed in [9] for general 

dispersive media where coordinate stretched 

Maxwell's curl equation in time domain  was first 

deduced and then FDTD update formulas were 

combined with the semi-analytical recursive 

convolution (SARC) using Digital Signal 

Processing (DSP) technique. A higher order 

recursive convolution scheme based on 

trapezoidal rule was reported in [10]. 

In this work dispersive medium property of left-

handed material is modeled using Mobius FDTD 

and a hybrid of Mobius as well as auxiliary 

differential equation (ADE) FDTD. These two 

different dispersive FDTD strategies improve 

computational efficiency and removes 

complexity in use of PLRC technique in 

modeling bulk effective metamaterial medium in 

conjunction with microwave circuits. The 

formulation is tested for the case of a DNG 

metamaterial slab is sandwiched between a pair 

of coupled microstrip lines as illustrated in Fig. 2. 

The Drude model for negative permittivity is 

formulated by Mobius transform method and 

Lorenz model for negative permeability is 

implemented by ADE as well as Mobius 

transform technique. Apart from the use of the 

hybrid-model for metamaterials, this work 

introduces vectorized-FDTD algorithm which 

gives considerable speed-up compared to the 

serial FDTD code. The full wave analysis shows 

enhancement of forward coupling and reduction 

of backward coupling between coupled 

microstrip lines due to inclusion of 

metamaterials. 

The rest of the paper is organized as follows. 

Section-II deals with the mathematical 

formulation of the Mobius-FDTD algorithm for 

analysis of DNG media. Section-III presents the 

results which illustrate the effect of a DNG 

metamaterial slab on forward and backward 

mutual coupling between adjacent microstrip 

lines. A comparison between both computer 

simulation statistics for both formulations namely 

Mobius-FDTD algorithm and hybrid (Mobius-

ADE) FDTD algorithm is also given. In Section-

IV, a parallel version of the code is reported and 

much computational effort is discussed. This is 

followed by concluding remarks in Section V. 

II. MATHEMATICAL FORMULATION OF 

MOBIUS-FDTD AND MOBIUS-ADE-FDTD 

ALGORITHM 

The Maxwell’s curl equations in Laplace domain 

(s-domain) normalized by Gaussian unit 

convention are given by:  

sD( r ,s)=
1

0 0
( H( r ,s))        (1)     
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sB( r ,s)=
1

0 0
( E( r ,s))                            (2) 

The normalized s-domain constitutive 

relationships interconnecting the electric and 

magnetic field and flux densities in a general 

dispersive media are given by: 

D( r ,s)= r(s)E( r ,s)                                           (3) 

B( r ,s)= r(s)H( r ,s)                                          (4) 

Drude and Lorentz models respectively are 

considered for characterizing the dispersive 

permittivity and permeability functions of a 

homogeneous double negative (DNG) 

metamaterial media as illustrated in the equations 

below [11]: 

r(s)= +

2

pe

s( ce+s)
                                          (5) 

r(s)= +

( s )
2

pm

2

pm
+s +s2

                                  (6) 

In Drude model Eq (5) for permittivity, pe and 

ce denote the electric plasma frequency 

(angular) and electric damping frequency 

respectively and  is the high frequency limit of 

permittivity. In the Lorenz model Eq (6) for 

permeability, there is magnetic radial resonant 

angular frequency ( pm), magnetic damping 

frequency ( ) along with the high and low 

frequency limits for permeability (  and s

respectively). 

The analysis of the curl equations (1) and (2) can 

be done by using standard FDTD update 

equations [5], but formulation of suitable 

difference equations for calculation of fields (E,H

) from flux densities (D,B) needs some efficient 

mathematical treatment. It is observed that r(s)

and r(s) can be treated as s-domain transfer 

functions, which are indeed invertible. So one 

can construct their respective inverse functions 

denoted by G (s)=[ r(s)] 1 and G (s)=[ r(s)] 1.

Following this, z-domain equivalent transfer 

functions G (z) and G (z) are obtained by 

applying standard z-transform or Mobius 

transform on the inverse functions G (s) and 

G (s). The conversion from s-domain to z-

domain is crucial because it allows us to utilize 

the digital filter theory on these transfer functions 

to obtain the corresponding time-domain 

equations. The Lorenzian permeability function 

as shown in (6) cannot be converted to z-domain 

using standard z-domain mapping (
1

s

t

1 z 1
),

and so Auxiliary Differential Equation (ADE) 

method can be applied to get time domain update 

equations [12].  

A. Mobius-FDTD Method 

In this section the Mobius transform formulation 

of FDTD-update equations for both the 

constitutive relations (3) and (4) are given. It is 

well-known that Mobius transform is 

mathematically similar to the bilinear transform, 

where the well-known mapping equation [6] is 

given in (7). 

s=
2

t

1 z 1

1+z 1
                                                      (7) 

Hence the equations (3) and (4) can be rewritten 

in the z-domain as: 

E( r ,z)=G (z)D( r ,z)                                         (8) 

H( r ,z)=G (z)B( r ,z)                                         (9) 

where

G (z)=
be0+be1z 1+be2z 2

1+ae1z 1+ae2z 2
                          (10) 

G (z)=
bh0+bh1z 1+bh2z 2

1+ah1z 1+ah2z 2
                         (11) 
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The quantities bei,bhi,aej,ahj (i=0, 1, 2; j=1, 2) 

along with new variables de0,dh0 can be 

calculated for the DNG medium parameters 

, pe, ce, , s, pm and  using the 

equations below. 

de0=(
4

t2
+

2 ce

t
+

2

pe

0
)                                 (12) 

be0=
1

de0
(

2

t
( ce+

2

t
))                                   (13) 

be1=
1

de0
(

4

t
)          (14)                                                                       

be2=
1

de0
(

2

t
( ce

2

t
))                                  (15) 

ae1=
1

de0
(

8

t2
+

2
2

pe

0
)                                 (16) 

ae2=
1

de0
(

4

t2

2 ce

t
+

2

pe

0
)                          (17) 

dh0= s
2

pm
+

2

t
+

4

t2
                             (18) 

bh0=
1

dh0
(

2

pm
+

2

t
+

4

t2
)                              (19) 

bh1=
2

dh0
(

2

pm

4

t2
)                                     (20) 

bh0=
1

dh0
(

2

pm

2

t
+

4

t2
)                              (21) 

ah1=
2

dh0
( s

2

pm

4

t2
)                                (22) 

ah2=
1

dh0
( s

2

pm

2

t
+

4

t2
)                    (23) 

Now (10) and (11) can be interpreted as infinite-

impulse response digital filters which can be 

implemented by using the transposed direct form 

as given in [13]. New fictitious vectors 

We1,We2,Wh1 and Wh2 are introduced for this 

purpose. The resulting time-update equations for 

En+
1

2 and Hn+1 are shown in the following 

equations. 

En+
1

2=be0.Dn+
1

2+W
n

1

2

e1
                            (24) 

W
n+

1

2

e1
=be1.Dn+

1

2 ae1.En+
1

2+W
n

1

2

e2
          (25) 

W
n+

1

2

e2
=be2.Dn+

1

2 ae2.En+
1

2                       (26) 

Hn+1=bh0.Bn+1+W
n

h1
                                   (27) 

W
n+1

h1
=bh1.Bn+1 ah1.Hn+1+W

n

h2
                (28) 

W
n+1

h2
=bh2.Bn+1 ah2.Hn+1                          (29) 

Since a particular problem space comprising of 

homogeneous DNG MTM media as well as 

standard double positive (DPS) materials like 

dielectrics, conductors and free-space is to be 

analyzed, so it is desirable to compute the values 

of the parameters bei,bhi,aej,ahj (i=0,1,2; j=1,2)

for DPS medium also. In this way one can treat 

equations (24) to (29) as generalized update 

equations, compatible for both DNG and DPS 

media. It is known that standard lossy dielectrics 

can be considered that has the relative 

permittivity and permeability functions of the 

form. 

r(s)= r+
s 0

                                                 (30) 

r(s)=1                                                           (31) 

For free space we have 1,0 res . For 

simulation of conducting patches we make the 

tangential component of electric field zero by 

making m  (where m=x, y or z) at the 

necessary planes. Following similar procedure as 

for dispersive metamaterials, we get the 

following parameter-expressions for 

characterizing DPS media in Mobius formulation 

scheme. 
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be0=
2

2 r+
t

0

                                               (32) 

be1= be0                                                       (33) 

ae1=

t

0
2 r

t

0
+2 r

                                               (34) 

bh0=1                                                             (35)

be2=ae2=bh1=bh2=ah1=ah2=0                  (36) 

B. Mobius-ADE-FDTD Method 

Next the hybrid algorithm that deals with Drude 

model Eq (5) using Mobius transform method 

and Lorentz model Eq (6) using ADE method is 

discussed here. The ADE formulation technique 

(introducing a fictitious vector-quantity Sm) as 

explained in [12] is used for obtaining Hn+1

from Bn+1. The final update equations and new 

parameter-set (C1,C2,C3) are shown in (37) to 

(41).

Ch1=

( s )
2

pm
t2

0.5 t+1
                                  (37) 

Ch2=

2
2

pm
t2

0.5 t+1
                                          (38) 

Ch3=
0.5 t 1

0.5 t+1
                                               (39) 

Smn+1=Ch1.Hn+Ch2.Smn+Ch3.Smn 1        (40) 

Hn+1=
1

(Bn+1 Smn+1)                             (41) 

Equations (24) to (26) and corresponding 

parameters (be0,be1,be2,ae1 and ae1) calculate 

and update values of En+
1

2 from Dn+
1

2 as in the 

complete Mobius-FDTD method.  

III. RESULTS AND DISCUSSION 

The dispersive FDTD formulation for 

metamaterial media was tested for parallel 

coupled microstrip lines separated by a 

metamaterial slab as indicated in Fig.2. Parallel 

coupled microstrip lines are indispensable 

elements in many microwave circuits like 

couplers and filters [14, 15] and also in printed 

circuit boards (PCBs). The coupling between two 

identical parallel microstrip lines mounted on the 

same dielectric substrate is dependent of their 

relative spacing that has to be pre-specified for 

any problem of compact system design. The 

degree of forward mutual coupling between two 

microstrip lines as shown in Fig.2 can be 

quantitatively determined by the scattering 

parameter S31(dB), since S31 is the measure of 

the power coupled to port-3 (receiving port for 

adjacent line) from port-1 (transmitting port for 

main line). In general, when the relative line 

spacing is fixed, S31(dB) increases as the 

frequency of operation is increased. This can 

yield serious problems of cross-talk if the parallel 

lines are used as independent information-

channels of signals at microwave frequencies. 

Analysis shows that a DNG medium slab of 

suitable parameter specifications can be placed in 

between the adjacent lines for crosstalk 

elimination at a particular frequency.  
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Fig. 3.  Variation of real and imaginary parts of 
r

with frequency. 

Fig. 4.  Variation of real and imaginary parts of 

r
 with frequency. 

Fig. 5.  Variation of forward mutual coupling with 

frequency; A dip in the frequency range where the 

slab acts as perfect DNG slab is observed. 

In the coupled microstrip line system as shown in 

Fig. 2, each line having length Ls of 36 mm, 

width Ws of 2.334 mm and characteristic 

impedance of 50 . The spacing between the 

lines is d=3.89 mm. The substrate used is of 

height hsub as 0.795 mm and dielectric constant 

sub=2.2. The ports 1, 2, 3 and 4 are numbered 

accordingly as illustrated in Fig.2. A DNG 

metamaterial slab having height and length same 

as the substrate and width 1.556 mm is 

sandwiched between the two adjacent microstrip 

lines. The metamaterial slab is considered to 

possess material properties specified by the 

equivalent extracted parameters in [11]. The 

metamaterial slab is characterized by 

pe=2 14.63 GHz, ce=30.69 MHz, 

pm=2 9.67 GHz, =1.24 GHz, =1.62,

s=1.26 and =1.12. With the given 

specifications, the value of relative permittivity 

remains negative over the frequency range 5-11 

GHz as illustrated in Fig.3, whereas the 

permeability is negative for a smaller range 9.69-

10.24 GHz as shown in Fig.4. So the slab acts as 

a proper DNG medium within that narrow range, 

as enclosed by dashed lines.  

The problem space is analyzed first by Mobius-

FDTD and then the hybrid Mobius-ADE-FDTD 

method. The grid sizes taken are x=0.389 mm, 

y=0.4 mm and z=0.265 mm. The sampling 

time t is 0.441 ps. After discretizing the 

geometry a first derivative Gaussian pulse is 

launched in port one to extract time domain 

information. The time-domain samples of the z-

component of the electric field are calculated at 

all the port terminal planes. The scattering 

matricesS11, S21, S31 and S41 in dB are 

computed using Fourier transform of the time 

domain samples. The variation of S11 and S21, not 

shown here, indicate that the input port 1 is 

matched and that forward transmission to port 2 

is possible without losses. It is seen from the 

plots of S31(dB) versus frequency (GHz), as 

given in Fig 5, the mutual coupling without the 

DNG slabs exhibit a smooth variation. A sharp 
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Fig.6. Variation of backward coupling with 

frequency. 

reduction of mutual coupling just above the 

frequency range where the metamaterial slab 

behaves as perfect DNG media is observed. In 

equivalent circuit theoretic terms it can be 

interpreted that resonant notch filter-type 

characteristics have been incorporated in the 

coupled microstripline system by introduction of 

DNG slab. The DNG material parameters can be 

tuned for manipulating the cross-talk rejection 

frequency. 

From full-wave analysis it is observed that there 

is no drastic change in the backward coupling 

S41(dB) when DNG medium is used, although 

the levels of coupling gets reduced by 3-5 dB at 

the characteristic frequencies as indicated in 

Fig.6. This phenomenon is mainly due to the 

absorption induced by the DNG metamaterial 

slab. Finally it is to be noted that simulation-

results for pure Mobius-FDTD codes and hybrid 

FDTD codes come out to be the same, although 

the time taken for execution is lesser for the pure 

Mobius-FDTD code by 20 secs. The reason 

behind this is presence of fewer numbers of 

intermediate matrices that are updated during the 

execution of main FDTD iterative loop. 

IV. NOTE ON COMPUTATIONAL EFFORT 

The serial FDTD code, with the algorithm as 

prescribed in [5] was implemented using 

MATLAB™ for analysis purpose. For the FDTD 

mesh size pertaining to the problem formulation, 

as illustrated in Fig. 2,  took a computational time 

(starting from initialization of different parameter 

values to storage of calculated time-domain E 

and H-field data for further computation in 

frequency domain) of 4000 seconds. The large 

computational time was mainly due to the fact 

that the pseudo-code description of the FDTD 

algorithm in [5] involves the sequential repetition 

of nested for loops, especially during the 

calculation of field matrices. 

To overcome this difficulty, a vectorized version 

of the code was developed which is much concise 

and utilizes the advantage of MATLAB™ 

optimization for vector and matrix operations, 

hence ensures faster execution. The same code 

was run in machines of different processor 

configurations and the run-time was observed. It 

was seen that Pentium-IV processor took 2500 

secs (approx.) of run-time, whereas dual-core and 

quad-core processors exhibited considerable 

speed-up with simulation time of 1500 secs and 

845 secs respectively. 

V. CONCLUSIONS 

In this work Mobius-transform technique and a 

hybrid Mobius-ADE FDTD algorithm to model 

electromagnetic wave propagation in 

metamaterial is presented. The negative effective 

permittivity and negative effective permeability 

is modeled as Drude and Lorentz medium 

respectively. The formulation is tested by full 

wave analysis of a metamaterial embedded 

parallel coupled microstrip line. The effect on 

coupling are studied which reveals reduction in 

forward coupling over the range where the slab 

behaves as a Double Negative (DNG) media.  A 

parallel version of the full wave FDTD 

formulation for metamaterial is also developed 

which exhibits reduced run-time.   
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